EQUIDISTRIBUTION OF DYNAMICALLY SMALL SUBVARIETIES 
OVER THE FUNCTION FIELD OF A CURVE 
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X.W.C. FABER 

Abstract. For a projective variety X defined over a field K, there is a special class of 
morphisms ip : X X called algebraic dynamical systems. In this paper we take K to 
be the function field of a smooth curve and prove that at each place v of K, subvarieties 
of dynamically small height are equidistributed on the associated Berkovich analytic space 
X^'^. We carefully develop all of the arithmetic intersection theory needed to state and prove 
this theorem, and we present several applications on the non-Zariski density of preperiodic 
O points and of points of small height in field extensions of bounded degree. 
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1. Introduction 



A typical arithmetic equidistribution theorem says something hke the following: if X is an 
algebraic variety over a global field K that possesses an arithmetic height function h, then 
for each place v of K there exists an analytic space and a measure fiy supported on it 
so that the Galois orbits of any suitably generic sequence of algebraic points with heights 
tending to zero become equidistributed with respect to /i^. The primary goal of this article 
is to prove such a theorem when K is the function field of a smooth curve and h and fi^ 
are intimately connected with the dynamics of a polarized endomorphism of X. Arithmetic 
equidistribution theorems of this type abound in the literature of the last decade, beginning 
with the pioneering work of Szpiro/Ullmo/Zhang |SUZ97] . For a nice survey, see the recent 
text by Silverman |Sil07t Chapter 3.10]. 

A (polarized algebraic) dynamical system {X,ip,L) defined over a field K consists of a 
projective variety X/K, an endomorphism of X, and an ample line bundle L on X such 
that ip*L = L'^ for some integer q > 2. The line bundle L is often referred to as a polarization 
of the dynamical system. A preperiodic point x G X is a closed point such that the forward 
orbit {ip"^{x) : n = 1,2,...} is finite. In studying the arithmetic of algebraic dynamical 
systems, one might ask if, for example, the set of /^-rational preperiodic points is Zariski 
dense in X. We present a criterion in ^ for non-Zariski density as a corollary to the main 
equidistribution theorem of this paper. 

Perhaps the most well-known example of an algebraic dynamical system is (A, [2],L), 
where A is an abelian variety over K, [2] is the multiplication by 2 morphism, and L is 
a symmetric ample line bundle on A (i.e., [— 1]*L = L). In this case, torsion points of A 
are the same as preperiodic points for the morphism [2]. Another important example of a 
dynamical system is (P^,<y9,0(l)) for some finite endomorphism ip of P^. If (2:0 : ■ ■ ■ : Zd) 
are homogeneous coordinates on projective space, then if can be described more concretely 
by giving d+1 homogeneous polynomials fi of degree q without a common zero over K and 
setting if = [fo : ■ ■ ■ : fa) . This is in a sense a "universal dynamical system" because any 
other dynamical system can be embedded in one of this type. (See the paper of Fakhruddin 
|Fak03j for an explanation.) 

To state a version of our theorem, we set the following notation. Let be a proper 
smooth geometrically connected curve over a field k. Let K = k{^) be the function field of 
The places of K — i.e. equivalence classes of non-trivial valuations on K that are trivial 
on — are in bijective correspondence with the closed points of For a place v, denote 
by the completion of K with respect to v. The Berkovich analytification of the scheme 
Xx^ will be denoted by X^"^. It is a compact Hausdorff topological space with the same 
number of connected components as Xk^- For any dynamical system (X, ip, L), there exists 
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a measure /i<^,„ on X^" that is invariant under y?; it reflects the distribution of preperiodic 
points for the morphism if. Also, each closed point x oi X breaks up into a finite set of 
points 0„(x) in X^'^, and we can define local degrees deg^(?/) for each y G 0„(x) such that 
Tl,yeOv{x) ^^^v{y) = deg(x). To the set 0„(x), we can associate a probability measure on X^'^ 
by 



^ i/eo„(x) 



There also exists a dynamical height function /i^ on closed points of X defined via intersection 
theory, so that h^{x) measures the "arithmetic and dynamical complexity" of the point x. 
For example, = if x is a preperiodic point for (f. 

Theorem 1.1. Let {X,{p,L) be an algebraic dynamical system over the function field K. 
Suppose {xn} is a sequence of closed points of X such that 

• No infinite subsequence 0/ is contained in a proper closed subset of X, and 

• h^{xn) — > as n 00. 

Then for any place v of K, and for any continuous function f : X'^'^ —>■ M, we have 

^™ T~^ — \ E deg^(y)/(y) = / fdfi^^y. 

n^OO deg(X„) /Xan 

That is, the sequence of measures | deg(x ) X]i/go^,(xn) converges weakly to 



Theorem 1A_ is a simplified form of Theorem 4J^, which is the main result of this paper. 
In the latter result, we prove that generic nets of small subvarieties are equidistributed. See 
section |4] for the statement. The proof follows the technique espoused in the work of Yuan 
|Yua08j using the "classical" version of Siu's Theorem from algebraic geometry. 

Several equidistribution theorems in the function field case already exist in the litera- 
ture. The work of Baker/Hsia |BH05] and Baker/Rumely |BR06] deal with polynomial 
maps and rational maps on the projective line, respectively. These papers approach equidis- 
tribution using nonarchimedean capacity and potential theory. Favre/Rivera-Letelier give a 
quantitative form of equidistribution for rational maps on the projective line, which should 
apply to the function field case despite the fact that they state their results for number fields 
[FRLOGt IFRL07] . Petsche has proved a quantitative equidistribution result for points of small 
Neron-Tate height on elliptic curves using Fourier analysis |Pet07j . Gubler has approached 
equidistribution using arithmetic intersection techniques (following Szpiro/UUmo/Zhang). 
He gives an equidistribution result for abelian varieties that admit a place of totally degen- 
erate reduction |Gub07] . He has recently and independently proved equidistribution results 



essentially equivalent to our Theorems 1 1 . 1 1 and 4.1 |Gub08j . The work of Petsche and Gubler 



holds also over the function field of a smooth projective variety equipped with an ample 
divisor class. 

In section |2] we state and prove all of the tools of arithmetic intersection theory over 
function fields necessary for the task at hand. This will only require the use of intersection 
theory of first chern classes in classical algebraic geometry and a small amount of formal and 
analytic geometry. Our approach is novel in that it is developed from global rather than 
local intersection theory. The associated measures and height functions will be introduced 
in this section as well. Section |3] is devoted to recalling the construction of invariant metrics 
for dynamical systems, the dynamical height h^p, and the associated invariant measure ^i^^v 
We state and prove the main equidistribution theorem in section |4j Finally, in section |5] we 
discuss applications of the equidistribution theorem to the distribution of preperiodic points 
and to the Zariski density of dynamically small points. Section [6] contains several auxiliary 
results whose proofs could not be located in the literature. 

Acknowledgments. I would like to express my gratitude to my advisor Shou-wu Zhang for 
explaining the big ideas of arithmetic intersection theory to me, to Matt Baker for introducing 
me to algebraic dynamics, and to Xinyi Yuan for the many hours we've passed talking about 
Arakelov theory. Thanks also go to Brian Conrad and Antoine Ducros for lending their 
expertise on nonarchimedean geometry. 

2. Arithmetic Intersection Theory over Function Fields 

In this section we collect some definitions and facts from intersection theory needed for 
the calculation of heights and for the proof of the main theorem. The basic principle is that 
heights can be computed via (limits of) classical intersection numbers on models. Much has 
been written in the literature on the subject of local intersection theory. Bloch/Gillet/Soule 
have studied nonarchimedean local intersection theory by formally defining arithmetic Chow 
groups using cycles on special fibers of models |BGS95j . Gubler carries out a very careful 
study of local intersection theory on special fibers of formal schemes in a more geometric 
fashion, and then he patches it together into a global theory of heights using his theory 
of M-fields |Gub97t IGub98t IGub03] . One can avoid most of the technical difficulties that 
arise in these approaches by working almost exclusively with classical intersection theory 
on models of an algebraic variety; this requires a lemma of Yuan to lift data from a local 



model to a global model (Lemma 2.7). The upshot is that this treatment uses only ideas 
from algebraic geometry and a small input from formal geometry, and it works for any field 
of constants k. 

Most of these ideas appear in the literature on adelic metrics and height theory. We have 
endeavored to give complete proofs when the literature does not provide one or when the 
known proof for the number field case requires significant modification. 



2.1. Notation and Terminology. 



2.1.1. When we speak of a variety, we will always mean an integral scheme, separated and of 
finite type over a field. We do not require a variety to be geometrically integral. Throughout, 
we fix a field of constants k and a proper smooth geometrically connected fc-curve At no 
point do we require that the constant field k be algebraically closed. Denote by K the field 
of rational functions on 

2.1.2. The field K admits a set of nontrivial normalized valuations that correspond bi- 
jectively to the closed points of The correspondence associates to a point v E ^ the 
valuation ord„ on the local ring ^.^^v at v, which is a discrete valuation ring by smoothness. 
The normalization of v is such that a uniformizer in tf^'^g^^ has valuation 1. Extend ord^, to 
K by additivity. Such a valuation will be called a place of K. We will often identify closed 
points of ^ with places of K without comment unless further clarification is necessary. 

The places of K satisfy a product formula. For a E K, set |a|^ = exp{— ordt,(a)}. Then 
for any a E , we have 

where k{v) is the residue degree of the point v. This formula appears more frequently in its 
logarithmic form, in which it asserts that a rational function has the same number of zeros 
as poles when counted with the appropriate weights: 

"^[kiv) : fc]ord^(a) = 0. 

2.1.3. Now let X be a projective variety over K. Given an open subvariety C a 
^ -model of X consists of the data of a A;- variety , a projective fiat fc-morphism ^ ^ , 
and a preferred i^-isomorphism l : X ^ SJk- In niost cases the morphism 2J ^ and the 
isomorphism i will be implicit, and we will use them to identify X with the generic fiber of 

If L is a line bundle on X, a -model of the pair {X, L) is a pair (^, ^) such that J?r 
is a ^-model of X and =Sf is a line bundle on ^ equipped with a preferred isomorphism 
^ then a ^ -model of the pair {X,L) Again, this isomorphism will often be 
implicit. We may also say that ^ is a model of L. To avoid trivialities, if we speak of a 
^-model of a pair (X, L*^) without extra qualifier, we will implicitly assume that 

e > 1. 

For a line bundle ^ on a variety ^ /k with function field k{J^), a rational section of =Sf 
is a global section of the sheaf ^ ® k{3y). Equivalently, a rational section is a choice of a 
nonempty open set U (Z ^ and a section s G =Sf (f/). 

^As is customary, we will use the terms "line bundle" and "invertible sheaf" interchangeably, but we will 
always work with them as sheaves. 
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Asking X to be projective guarantees the existence of e^-models. For example, let L be a 
very ample line bundle on X. Let X ^ ^ P^ = P" x ^ be an embedding induced by 
L followed by identifying P^ with the generic fiber of P!^, and define ^ to be the Zariski 
closure of X in P^ with the reduced subscheme structure. Let =Sf = Then 
is a ^-model of (X, L). More generally, if M is any line bundle on X, then we can write 
M = Ml (g) M2 for some choice of very ample line bundles Mi and M2. The procedure just 
described gives a means of constructing ,^-models (^j, of (X, Mi). By the Simultaneous 



Model Lemma (Lemma 2.2), there exists a single ^-model of X as well as line bundles 
on ^ such that is a ^-model of (X,Mi). Evidently (JT,^/ ® (^2)^) is a 

e^-model of (X, M). 

2.1.4. For each place v of -fC, we let be the completion of K with respect to the valuation 
V. Let i^" be the valuation ring of K^. 

We now briefly recall the relevant definitions from formal and analytic geometry. For full 
references on these topics, see |Ber90l §2, 3.4], |Ber94t §1] and |BL93j . For each place v 
of K, let X^° be the Berkovich analytic space associated to the i^'^.-scheme Xx„. It is a 
compact Hausdorff topological space equipped with the structure of a locally ringed space. 
The space X^"^ is covered by compact subsets of the form ^{^), where ^ is a strictly 
affinoid i^tj-algebra and ^{^) is its Berkovich spectrum. As a set, ^{^Z) consists of all 
bounded multiplicative seminorms on The definition of the analytic space X!^^ includes 
a natural surjective morphism of locally ringed spaces ipv '■ X^"^ Xk^. If L is a line bundle 
on X, there is a functorially associated line bundle on X^"^ defined by '>Pl{L ®k K^). 

A continuous metric on L^,, denoted || ■ ||, is a choice of a i^'^-norm on each fiber of that 
varies continuously on X^'^. More precisely, suppose {(t/j, Sj)} is a trivialization of where 
{Ui\ is an open cover of X^" and is a generator of the -module Ly{Ui). Then 

the metric || ■ || is defined by a collection of continuous functions pi : Ui ]R>o satisfying an 
appropriate cocycle condition by the formula ||s(x)|| = \a{x)\p{x), where s is any section of 
over f/j and a is the regular function on f/j such that s = asi. Here |cr(x)| denotes the 
value of the seminorm corresponding to the point x at the function o"]^ A formal metric || ■ || 
on the line bundle is one for which there exists a trivialization {(f/j, Sj)} so that metric 
is defined by pi = 1. Equivalently, for this trivialization we have = |o"(x)| with s and 

a as above. 

To an admissible formal -^'"-scheme X^, one can associate in a functorial way its generic 
fiber Xy^rij which is an analytic space in the sense of Berkovich. For us, the most important 
example will be when is the formal completion of a proper fiat /('"-scheme with generic 



^ Several authors (e.g., [BG06] ) speak of bounded continuous metrics on LiSiCy over Xc^, where C^, is the 
completion of an algebraic closure of Ky. Bounded and continuous metrics in their context are equivalent 
to our notion of continuous metric by compactness of the Berkovich analytic space X^". 
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fiber X/K^. In this setting, properness implies there is a canonical isomorphism X^,_^ 
X^^ |Con99| Thm. A. 3.1]. A formal line bundle on X^, determines a formal metric on 
= £^ ® as follows. Let {(ilj, Sj)} be a formal trivialization of 2.^. Then the generic 
fiber functor gives a trivialization of L^, namely {(ili,?,, Sj)}. We set = 1. This definition 
works (i.e., the functions pi transform correctly) because the transition functions for the 
cover Si)} all have supremum norm 1 |Gub98i §7]. 

For an open subscheme ^ C =5^, a ^-model (<^,^) of the pair (X, L*^) determines a 
family of continuous metrics, one on for each place f of Indeed, let be the formal 
completion of the scheme along its closed fiber, and let be the formal completion 
of =Sf . As is -^'"-fiat, we know that is fiat over hence admissible. We denote by 
II ■ W^.v the formal metric on ® = L^. A metric || ■ ||^^^ on Ly can then be given by 
defining H^H^'j, = IK^'^H jf'^, for any local section i of L^. 

There is an important subtlety here that is worth mentioning. If (^,^) is a model 
of {X,Ox) and f is a place of then we get a metric || ■ || = || ■ ||^,t, on Oxj^- However, 
Ox Ox for any positive integer n via the canonical isomorphism given by 1 i— 1®", and 
so we just as easily view {^,^) as =^-model of (X, O^). The metric induced on O^jn by 
this ^-model is given by || ■ H^/". 

2.1.5. An adelic metrized line bundle L on X consists of the data of a line bundle L on X 
and for each place f G a continuous metric || ■ ||^, on the analytic line bundle subject 
to the following adelic coherence condition: there exists an open subscheme ^ C and 
a '^-model of the pair (X, L^) for some positive integer e such that at all places v 

in ^ we have equality of the metrics || ■ ||i; = || ■ lljfV ^he adelic metrized line bundle L 
will be called semipositive if there exists an open subscheme ^ C a. sequence of positive 
integers e„ and a sequence of ^-models (^„,=Sf„) of the pairs (X, L^") such that 

• =Sf„ is relatively semipositive for all n: it has nonnegative degree on any curve in a 
closed fiber of 

• For each place f of we have equality of the metrics || • H u = || ■ ||^^" for all n; and 

• For each place f ^ the sequence of metrics || ■ ||^,^" converges uniformly to || ■ H^, 
on X^^". 

The distance between two metrics || ■ ||i,t, and || ■ ||2,i, on L„ is given by 

dist^dl ■ ||i,„, II ■ 112,^,) = max 

where s is any local section of that does not vanish at x. The quotient inside the 
logarithm is independent of the choice of s and defines a non-vanishing continuous function 

"'Modern algebraic geometers would probably call this line bundle relatively nef, but we preserve the term 
"relatively semipositive" for historical reasons. 
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on the compact space X^^. This imphes the existence of the maximum. A sequence (|| ■ \\n,v)n 
of metrics on is said to converge uniformly to the metric || ■ if distt,(|| ■ || ■ \\v) 
as n ^ oo. By abuse of notation, in the definition of semipositive metrized hne bundle we 
may say that the =^^-models converge uniformly to L. 

An adelic metrized line bundle is called integrable if it is of the form Li ® L-i^ for two 
semipositive metrized line bundles Li and L2. We denote by Pic(X) the group of integrable 
adelic metrized line bundles on X (under tensor product). Semipositive metrized line bundles 



form a semigroup inside Pic(X). (This follows from Lemma 2.2 and the fact that the tensor 
product of nef line bundles is nef.) 

2.2. Arithmetic Intersection Numbers. Given d + 1 integrable metrized line bundles 
Lq, . . . , Ldi we wish to define the arithmetic intersection number ci (Lq) ■ ■ ■ ci (i^d). In the 
present situation, this is accomplished by approximating the metrics on these line bundles 
using e^^-models, performing an intersection calculation on the e^^-models, and then pass- 
ing to a limit. This procedure appears in the work of Zhang for the number field setting 
|Zha95b] , and we devote this section to proving it works very generally for function fields of 
transcendence degree one. 

Those well acquainted with intersection products in Arakelov theory will find little sur- 



prising in Theorem 2A_ below and probably nothing new in its proof. However, the literature 
on the subject appears only to contain these facts and their proofs in the case where i^' is a 
number field or when K is a, function field over an algebraically closed field k |Gub07t §3]. 
Here we have removed the hypothesis that k is algebraically closed, with the only conse- 
quence being that a residue degree appears in some of the formulas. The benefit is that the 
proofs are global and algebraic in nature rather than local and formal. 

For a projective variety Y over a field fc, we will almost always identify a zero cycle 
^ np[P] with its degree ^ np[k{P) : k]. For a line bundle L on Y, we write Ci (L) to denote 
the first Chern class valued in A^{Y), the group of codimension-1 cycles on Y. When Y 
has dimension d, we will write degi_^ j^^(Y) or ci (Li) ■ ■ ■ ci (L^) instead of the more correct 
form deg (ci (Li) ■ ■ • ci (L^) • [Y]). Similarly, we may write deg^(F) for ci (L)'^- 

Theorem 2.1. Let X be a projective variety of dimension d over the function field K. There 
exists a pairing ci (Lq) ■ ■ ■ Ci {Ld) on Pic(X)'^"'"^ satisfying the following properties: 

(i) Let ^ he a ^-model of X and let . . . models on 2J of the line bundles 
Lq°, . . . , L'^/ for some positive integers Cq, . . . , e^. If Lq, . . . , L^ are the associated 
adelic metrized line bundles with underlying algebraic bundles Lq, . . . , L^, then 

ci Lo ■ ■ ■ ci [Ld] = . 

Co ■ ■ ■ Crf 



(ii) Let Li, . . . , be semipositive metrized line bundles and take Lq and Lq to be two 
integrable metrized lined bundles with the same underlying algebraic bundle Lq. The 



metrics of Lq and Lq agree at almost all places, and if 
corresponding metrics at the place v, then 



\0,v 



and 



\0,v 



are the 



Ci{ Lq® [L 



ci (Li) ■ ■ - ci (Lrf) 
<degL,_L^{X)Y,[k{v):k] dist. 



\o,v) 



v&yt 



(iii) Ci (Lq) • ■ ■ Ci (L^j) is symmetric and multilinear in Lq, . . . , L^- 

(iv) Let Y be a projective variety over K, and suppose if : Y ^ X is a generically finite 
surjective morphism. Then 

ci {ip*LQ) ■ ■ ■ ci {ip*Ld) = deg(v3) ci (Lq) ■ ■ - ci {La) . 

Moreover, the pairing on Pic(X)'^^^ is uniquely defined by properties (i) and (ii). 



The proof of this theorem will occupy the remainder of section 2.2 



2.2.1. Preliminary Lemmas. In order to define the pairing and show it is well-defined, we 
need a number of preliminary facts. The following result allows one to take metrics induced 
from line bundles on several different models of X and consolidate the data on a single 
=^-model of X. 

Lemma 2.2 (Simultaneous Model Lemma). Let {J^i, =^i), . . . , {■^n, -^n) be !^-models of the 
pairs (X, Li), . . . , (X, L„), respectively. Then there exists a single ^-model ^ along with SS- 
morphisms pr^ : 2^ ^ that restrict to isomorphisms on the generic fiber. For each i, the 
line bundle = pr* =Sfj is a model of Li such that for each place v of K , the corresponding 
metrics on L^ .^ satisfy \\ ■ = \\ ■ \\^., ^- If is nef on then S^l is nef on 2^ . 

Proof. Suppose that n = 2; the general case is only notationally more difficult. Consider the 
following commutative diagram: 




The maps ^ SS are the structure morphisms. The map A is the diagonal embedding of 
X in the generic fiber of SJ\ x gg SJ^-, which is just X x ^X, and the square is the fiber product. 
Let !X be the Zariski closure of A(X) in Xag ^2 with the reduced subscheme structure; 



it is a =^^-model of X via the diagonal map as preferred isomorphism on the generic fiber. 
When restricted to A(X), the two projections pr, are isomorphisms, and so they induce 
isomorphisms between the generic fibers of ^ and J?^. Define = pr* 

The metrics on a hne bundle are unchanged by pullback through a =^^-morphism 
3^ that restricts to an isomorphism on the generic fiber. Indeed, completing at the 

closed fiber over v gives a morphism of admissible formal ^^'"-schemes f : X ^ X'. Over 
open sets Spf C X' and Spf ^ C f~\Spij^') C X where the line bundles £' and /*£' 
are trivial, flatness of these algebras over K° implies that we have a commutative diagram 
of inclusions: 

£/' 

Y 1 

Over these open sets, the formal metrics on £' and on f*£! are given at x by evaluation 
|Gub98t Lemma 7.4]; i.e., for any local section s of £' defined near x corresponding to an 
element a G =2/', we have 

\\r{s){x)\\f,^, = \a{a){x)\ = \a{x)\ = \\s{x)\y, 

where the middle equality follows because / is an isomorphism on the generic fiber. 

The final claim of the lemma is simply the fact that the pullback of a nef line bundle is 
nef (which follows from the projection formula for classical intersection products). □ 

Next we show that intersection numbers vary nicely in fibers over the base curve This 
is well-known for fibers over the closed points of (cf. |Ful98l §10.2], "Conservat ion of 
Number"), but we are also interested in comparing with the generic fiber. 

Lemma 2.3. Let X he a projective variety over K of dimension d, Li, . . . ,Ld line bundles 
on X , IT : ^ ^ a -model of X, and =^1, . . . , models of Li, . . . , Ld on 2^ . Then for 
any closed point v G we have the equality 

[k{v) : k] deg^^_L^{X) = c, (^1) ■■■€, i^d) ■ 

where is the (scheme-theoretic) fiber over v. 

Proof. As ^ is regular, we may speak of its Cartier and Weil divisors interchangeably. Note 

that [2"^] is the cycle associated to the Cartier divisor 7t*[v]. Indeed, each is cut out on 2" 

by the image of a local equation for the point v under the map — ^ 
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Now we proceed by induction on d — dimX. U d — 0, then X — SpecF corresponds to a 
finite extension of fields F/K. Also, tt : =^ — > =^ is a proper surjection of curves. Whence 
deg([^,]) = deg(7r*H) = deg(7r.7r*H) 

= [k{^) : k{3§)\ deg{[v\) by the projection formula 
^[F:K][k{v):kl 
which is exactly what we want. 

Next assume the result holds for all i^- varieties of dimension at most d — 1, and let 
dimX = d. Let Sd be a rational section of Write [div(srf)] = + Df, where Dh is 
horizontal and -D/ is vertical on Then Df ■ [^y] = D f ■ [tt* [v]] ~ in the Chow group 
because we may use linear equivalence on ^ to push Tr*[v] away from the support of Df. In 
the next computation, we use the letter ^ to denote an arbitrary horizontal prime divisor 
on and we set Y — the generic fiber of This gives a bijective correspondence 
between horizontal prime divisors on ^ and prime divisors on X. Moreover Ox,y — ^x,^ 
for any such prime divisor, and codim(y, X) — codim(^, Now we compute: 

ci (^i) • • • ci {^i) ■ [^v] = ci (^i) • • • ci i^a-i) ■ [7r*N] • [div(s,)] 

= ci (=$fi)---ci • [7r*H] • 

= ^ ord^(srf)ci (^il^r) ■ ■ -ci (=Sfd_i|3^) • [7r*[u]|^r] 

rCsupp(D^) 

codim(;?^,,^)=l 

^[k{v):k] ordy(sdU)degi^l^__i^_^l^(y) 
ycsupp(i3/jnx) 

codim(y,X)=l 

= [k{v) :k\ci{Li)--- ci (Ld-i) • [div(sd|x)] 

^[k{v):k]degj^^_^^{X). 

In the third to last equality wc applied the induction hypothesis. This completes the proof. 

□ 

The next lemma allows us to see what happens to metrics after puUback through a mor- 
phism of ^-models. 

Lemma 2.4. Let (f : Y ^ X be a morphism of projective K-varieties. Let L he a line 
bundle on X and =5f) a ^ -model of the pair {X, L). 

(i) There exists a ^-model '^ofY and a ^-morphism if : W —>■ ^ such that ipx = ^■ 

(ii) For any ^-morphism ip as in (i), the pair {'3^,ip*J^) is a ^-model of the pair 
{Y,(f*L), and for each v we have the equality of metrics ip*\\ ■ = \\ ■ ||<^*^,t,. 

Proof. Let ^ be any ^-model of Y. Define jx '■ X "-^ to be the inclusion of the generic 

fiber (always implicitly precomposed with the preferred isomorphism l : X ^ ^k), and 
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similarly for jy : F Let r^p-.Y^YxxXhe the graph morphism. Consider the 

commutative diagram 




% 



where = (jy x jx) oT^. Define '3^ to be the Zariski closure of T^(Y) in 'S^qX ,^ ^ with the 
reduced subscheme structure, and give it the obvious structure as a fiat proper e^-scheme. 
Let if = pr2 1^. The graph morphism gives the preferred isomorphism between Y and 
the generic fiber of '3^. With this identification, it is evident that (px = 

For any <^ : ^ — > such that = V^, we find that (^^, ) is a e^-model of (Y, ip*L) 
because passage to the generic fiber commutes with pullback of line bundles. 

The final statement of the lemma is a consequence of the compatibility of the generic 
fiber functor for admissible formal schemes and the pullback morphism. Let (p^ : 
be the morphism induced between the formal completions of and IV ^ respectively, along 
their closed fibers over w , and let be the formal completion of ^ . The metric || ■ \x,v is 
determined by a formal trivialization {(Uj, Sj)} of and a collection of functions pi : iij 
M>o. (Recall that Hj,^ is the generic fiber of ilj, and that {IXi,,,} is a cover of X^"^.) If : 
Y&vl _^ j^an -g induced morphism between analytic spaces, we find that = 
i.e., pullback commutes with formation of the generic fiber. Therefore both metrics 
V'*!! ■ \s£,v and || ■ ||^. c^^^ are given by the cover (v'^°)*(si))} and the functions 

p,oy,-:(y,-)-i(iI,,,)^M>o. □ 



Next we prove an estimate that indicates the dependence of intersection numbers for line 
bundles on the metrics induced by them. In the course of the proof we shall need to relate 
special values of the metric on a section of the model to the orders of vanishing of the section. 
We recall now how this works. Let be a e^-model of (X, Ox) with 2J normal, and 

let s be a rational section of ^ that restricts to the section 1 on the generic fiber. Write 
[div(s)] = ^ - ordvi/„.j (s) [W^i-j], where {Wv,j)j are the distinct irreducible components of 
the fiber 2^.^ over the point v. Let us also write [^] = ^"^^ some positive 

integers m{v,j). 

There exists a surjective reduction map r : X^" and for each component Wyj, 

there is a unique point £ X^" mapping to the generic point of W^j. See |Ber94t §1] for 
the construction of the reduction map and an argument that shows its image is closed. We 
will now give an argument to conclude that its image contains the generic points of 
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The fiber is unchanged if we replace 2J 2^ Spec Gag^^. Let t^^j- be the generic 
point of PKj, and let Spec A be an affine open subscheme containing r]^^j. Set A to be the 
m^-adic completion of A, where m„ is the maximal ideal of Ggg^'o^ and set ^ = A to 
be the corresponding strict Kt,-affinoid algebra. Define a multiplicative seminorm on A by 

exp (-ordvy„,^-(a)/m(w, j)) , a^^ 
0, a = 0. 

Extending | ■ | to A by continuity and then to by taking fractions gives a bounded 
multiplicative i^^j-seminorm on it corresponds to a point ^^jj- G ^{s^) C X^"^ such that 
r{^v,j) = Vv,j- Uniqueness follows from the fact that any x G r'^^rj^j) induces a valuation on 
Frac(y4) whose valuation ring dominates Gs',ri^j- But by normality, the two valuation rings 
must coincide, and hence x = ^^j. 

Finally note that if the rational section s of =Sf corresponds to a rational function a G 
Frac(74), then the definitions immediately imply that 

OTdw..As) , , 



v,3 ' 



-log||lfe,i)lli?,f = -log|a(^^j)| - . y.j 

m[v,j) 

Compare with [CL061 2.3]. 

Lemma 2.5. Let ^ he a ^-model of X, and suppose on 2J are relatively 

semipositive models of line bundles Li, . . . , on X . Let Lq be another line bundle on X 
and ^0 dnd two models of Lq . Then the metrics on Lq induced by and differ at 
only finitely many places v, and we have 

\c, (ifo ® (^o')") ci (ifi) ■ ■ ■ ci (^,)| < deg^^,...,^^(X) Y,[k{v) : k] dist. (|| ■ || ■ 1^,^) . 

Proof. First note that since and ^Sfg restrict to the same line bundle on the generic fiber, 
they must be isomorphic over some nonempty open subset C e^. The places corresponding 
to points of ^ \ are finite in number, and these are the only places at which the metrics 
of ^0 and can differ. 

We may reduce to the case that ^ is normal. Indeed, let ^ : <^ J?r be the normaliza- 
tion morphism. Endow ^ with the structure of ^-scheme via composition of ^ with the 
structure morphism for ^ . Define ip = ipx- Then ip and ^ have degree 1, so the projection 
formula for classical intersection products shows that intersection numbers in the above in- 
equality are unaffected by puUback to ^ and {,!^)k- To see that the distance between the 



metrics is unaffected, we note that by Lemma 2.4, || • ||<^. = <^*|| ■ \\^^v for any line bundle 



=Sf on Since the morphism !p^^ : surjective, we find 

dist„ (V9*|| ■ 11^0,,,, v?* II ■ \\j^i,,v) = dist„ (|| • \\ ■ ||^^,„) . 
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Thus we may replace 2^ , X, and by ^ , {^)k, and (p*^i, respectively. Note that ip*^i 
is relatively semipositive by the projection formula. 

Finally, it suffices to prove that if is any model of the trivial bundle on X, then 



|ci (^o) ■ ■ ■ ci (^rf)l < deg^^,...,^^(X) Y,[Hv) ■■ k] I max |- log ||1 



(a;)IUo.J 



Let s be a rational section of that restricts to the section 1 on the generic fiber. Write 
[div(s)] = J2v^j'^^^vVy^j{s)Wvj and [^v] = as in the remarks preceding 

this lemma. The function x i— *• — log ^ must assume its maximum value at one of 

the |Ber90l 2.4.4]. Using g, we have 

|ci (^o) ■■■c,i^,)\<J2J2\ ^'^w.A')\ Ici (^i) ■ ■ ■ ci i^d) ■ [W,,j]\ 

V j 

= E E I - II 11^0,. I Hv,j) ci (^i) ■ ■ ■ Ci (^,) ■ [W,,] 



V J 



^ E I|l(^)l|if0.j} (^l) • ■ - Cl (^.) ■ M. 



In the second inequality we dropped the absolute values on the intersection with W^j by 
using the relative semipositivity of the line bundles ^i,...,^^. The result now follows 



immediately from Lemma 2.3 □ 



2.2.2. Existence of the Intersection Pairing. Now we define the intersection pairing. We will 
proceed in several steps. Unless stated otherwise, we let X be a projective variety over 
K, and Lq, . . . ,Lii will be adelic metrized line bundles on X. The idea is to take prop- 



erty (i) of Theorem 2.1 as the definition when the metrics are induced by models, and then 



to use Lemma 2.5 to control the intersection number when passing to limits of model metrics. 



Step 1 (Metrics induced by relatively semipositive models) Suppose is a ^-model 

of (X, L^*) that induces the given metric on Lj, and suppose further that each is relatively 



semipositive. Using the Simultaneous Model Lemma (Lemma 2.2), we obtain a single ^- 
model ^ and models of the L^' that induce the given metric on Lj. We abuse notation and 
denote these models on ^ by Then we define 

c.(r.)...c.(r.)^ --'^°) — <^-> . 

To see that this is well-defined, it suffices to take J^' to be another =^-model of X and ^/ 
to be models of L^' that also induce the given metrics. (Note that the exponents e[ need 
not equal the Cj.) In order to prove that this data gives the same intersection number, it is 
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enough to prove that 



By another apphcation of the Simuhaneous Model Lemma, we can find a single ^-model 
of X, birational morphisms pi : '3^ and pr' : SJ' that are isomorphisms on 

generic fibers over and models = pr* and ^/ = pr'*(^/)^' of L^'^' that induce 
the given metrics on Lj. By the projection formula, we are reduced to showing 

ci (^o) ■ ■ ■ ci i^d) = ci (^o) ■ ■ ■ ci (^^) . (2) 

Observe that and ^/ may be different line bundles on '3^, but they are models of the 
same line bundle on X and they induce the same metrics on it. 

Proving ^ uses a telescoping sum argument. To set it up, note that since the metrics on 
Li induced by and ^/ agree. Lemma 2.5 shows that 

ci (^o) • ■ ■ ci i^i^i) ci (g) i^lY) ci (^Vi) ■ ■ ■ Ci i-^^) = 0. 

Therefore 

|ci (^o) ■ ■ ■ Cl (^d) - Ci 



^ Cl 



Cl (^rf) = 

o) ■ ■ ■ Cl I 

Cl i^i-i) Cl (g) i^-y) Cl (^Vi) ■ ■ ■ Cl 



1=0 
d 



< J2 |C1 (-^o) • • • Cl Cl (^i ® i^iy) Cl (^Vl) • • • Cl (^d) I = 0. 



i=0 



This completes the first step. 



Step 2 (Arbitrary semipositive metrized line bundles) Let Lq, . . . , be semipositive metrized 
line bundles on X with underlying algebraic bundles Lq, . . . , L^, respectively. For each place 
V, denote the metric on Lj ^, by || ■ Wi^^. By definition, there exists a sequence of e^-models 
{^i,m,'^i,m) of the pairs (X, Lf'") such that 

• is relatively semipositive on ^i^m for every i,m; 

• There exists an open set G ^ such that for place v G ^ , each index i and all m, 
we have || ■ = \\ ■ 

• For each place v ^ and each i, the sequence of metrics || ■ ||^*^'''^ converges 
uniformly to || ■ 

Define Li^ra to be the semipositive metrized line bundle having algebraic bundle and the 
metrics induced by Now we define the arithmetic intersection number to be 

Cl (Lo) ■ ■ - Cl (Ld) = lim Cl (-Lo,mo) ■ ■ - ci (l^d.mj • (3) 

mo,...,mii—*ca 
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Each of the intersection numbers on the right is well-defined by Step 1, so we have to show 
that the limit exists and that it is independent of the sequence of models. 

To prove that the limit in dsl) exists, we take (mo, . . . and (mg, . . . to be two 
{d + l)-tuples of positive integers and set = = -^j^^TS and = ei^rn.ei^m'-- 

Then on the generic fibers, we have 



I X — , 



\X 



\x 



Further, we may assume that for each z, and =Sf/ are line bundles on a single ^-model 
(Simultaneous Model Lemma). Then our definition of the intersection pairing in Step 1 
gives 

,moJ 



Cl (ifo)---ci (^rf)-ci (^o')---ci (i^i) 



Co ■ ■ ■ 

Now fix e > 0. For all places f G we have || ■ || 
rrii, sufficiently large, uniform convergence gives 



(4) 



For V ^ and 



dist. 



11^' 



Just as in Step 1, we use a telescoping argument and apply Lemma [2~5 
|ci (^o)---ci (^d)-ci (^o')---ci (=5fi)| 



J2 Cl i^o) ■■■Cl (^.-l) Cl (if, ® (if/)^) Cl (^/+,) ■ • ■ Cl (^i) 
i=0 

< 5^ |ci (^O) ■ ■ ■ Cl (^.-l) Cl (^, ® (^/)^) Cl (^Vi) ■ ■ ■ Cl (^j) 

(X)5^[A;(i;):fc]dist4||-||^,,„||-m.,,) 



j=0 



(5) 



1=0 



v.-t^i v.-t^d 



< e 



■Lo,...,Li,...,L, 



1=0 



Combining Q and (|5]) shows that the sequence {ci (Lo,mo) ■ ■ ■ Ci (Lrf,„d)} is Cauchy, which 
is tantamount to showing the the limit in ^ exists. 

To see that the limit in ([s]) is independent of the sequence of models chosen, for each i we 
let {(=^i'm, -^i'm)} be another sequence of models with associated metrics converging to the 
given ones on Lj. Then we obtain a third sequence 

{i^i,m^ •^i,m)} — { ( '^.l ) ) ( "^,1 ! -^j,l) 5 ( '^^4,2 , -^1,2) , ( <^i,2 5 =^1,2) 5 • • •} • 
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This sequence also induces metrics converging uniformly to L,, so by our above work we 
know that the limit in ([s]) exists for this sequence. Therefore the limits over odd and even 
terms must agree, which is precisely what we wanted to prove. 

Note that the symmetry and multilinearity of the pairing are guaranteed immediately by 
virtue of the same properties for the classical intersection pairing. 



Step 3 (Integrable metrized line bundles) Now we extend the pairing by linearity since any 
integrable metrized line bundle L can be written L = l! ®{L!'y with l! and L" semipositive. 
As there may be multiple ways of decomposing L as a difference of semipositive metrized 



line bundles, a question of uniqueness arises. This is easily settled however using Lemma [23^ 
and we illustrate it only in the simplest case to avoid unnecessary notation. 

Let Li, . . . ,Lfi be semipositive metrized line bundles and let L be an integrable metrized 
line bundle with a decomposition L = L ® {L"y as above. Then 

ci (L) ci (Li) ■ ■ ■ ci (Ld) = ci (^l'^ Ci ■ ■ ■ ci (L^) - Ci (^l"^ Ci (Li) ■ ■ • ci (L^) . (6) 



If L has a second decomposition M (M )^ as a difference of semipositive metrized line 
bundles, it follows that L ® m" = L ® M . Each side of this last equality is semipositive 
with the same underlying algebraic bundle and the same metrics, and so it follows from 
Lemma 12.51 that 

ci {t ® m") ci (Ii) ■ ■ ■ ci (Id) = ci {t' ® m') ci (Ii) • ■ ■ ci (Id) . 

Splitting each side into two terms using linearity and rearranging shows that the expression 
in (|6l) is indeed well-defined. 



2.2.3. Proof of Theorem 2.1 In the previous section we constructed an intersection pairing 
on Pic(X)'^"'"^, and it is straight forward to check that the construction gives properties (i)-(iii) 



by using the symmetry and multilinearity of the classical intersection product. Lemma 2^ 
and a limiting argument. Conversely, since we used (i) as our definition, and since the 
behavior under limits is governed by (ii), our construction gives the only intersection product 
satisfying these two properties. 

Therefore, it only remains to prove property (iv). Intuitively, the idea is that if '3^ and JZ" 
are ^-models of Y and X, respectively, then the morphism : Y ^ X extends to a rational 
map if : '2V ^ that is generically finite and has degree equal to the degree of ip. 

By linearity, it suffices to prove (iv) when Lq, . . . , are semipositive metrized line bundles. 
Let us also assume for the moment that the metrics are induced by relatively semipositive 
models of Lf. As per usual, we may use the Simultaneous Model Lemma to suppose all 



of these model line bundles live on a single ^-model of X. By Lemma 2.4 there exists 
a ^-model ^ of F and a morphism ^ : W ^ such that = V- In this case, we find 
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that (^^, v9*=Sfj) is a =5^- model of the pair {Y,ip*L^^). By the projection formula for classical 
intersection products, we get 



ci {'^*Lo) ■ ■ - ci {ip*Ld) 



deg(¥?) 



Co ■ ■ ■ erf 



eo ■ ■ ■ 

= deg(^) ci (Lo) ■ ■ ■ Ci (L^) . 
Passing to the generic fibers of ^ and ^ over ^ does not change their function fields; hence, 
deg(^) = deg(99). This completes the proof when the metrics are all induced by models. 

Since Lp : Y ^ X is surjective, we know the induced morphism (^9^° : — X^^ of 
analytic spaces is too |Ber90l Prop. 3.4.6]. So if Li is an arbitrary semipositive metrized line 
bundle and is a model of (X, L,^'), we have 

dist^ (<^*|| ■ tiZ^^'W ■ \\l,,v) = dist„ (ll ■ 11^';. II ■ \\l,,v 

where || ■ ^ denotes the given metric on at the place v. This shows that if {Li^m}m is 
a sequence of semipositive metrized line bundles induced from models for which the metrics 
converge uniformly to those of Li, then {ip*Li^m}m is a sequence of semipositive metrized 
line bundles for which the metrics converge uniformly to those of ip*Li. This observation 
coupled with the above work in the model case gives the desired conclusion. 

2.3. Model Functions. In this section we fix a projective variety X over K and a place v 
of K. As always, we will identify v with a closed point of the curve 

A function / : X^'^ — >■ M will be called a model function if it is of the form 

fix) = -\og\\lix)f/^ 

for some formal metric || ■ || on Ox^^ and some positive integer e. Every such function is 
continuous on X^^. The set of model functions forms a Q-vector space. (The tensor product 
and inverse of formal metrics is again a formal metric.) The importance of model functions 
stems from the following result: 

Lemma 2.6 (Gubler). The space of model functions is uniformly dense in the space of 
real-valued continuous functions on 

Proof. This is the content of Theorem 7.12 of |Gub98] . One should note that, while the 
author assumes at the outset of section 7 that the field K is algebraically closed, he makes 
no use of it (nor is it needed for his references to the papers of Bosch and Lutkebohmert). □ 

As our intersection theory for adelic metrized line bundles is defined via intersection theory 
on =^^-models, we need to be able to relate model functions to global models in order to 
perform computations with them. A result of Yuan provides this relation. 
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Lemma 2.7 (Yuan). Suppose || ■ ||^ is a formal metric on the trivial bundle over X^^, e > 1 
is an integer, and f{x) = — log ||l(x)||y'^ is a model function. Then there exists a j3§-model 
^(/)) of {X,Ox) such that the metrics on Ox determined by ^(/) are trivial at all 
places w ^ V, and at the place v the metric is \\ ■ ■ The line bundle <ff{f) admits a 
rational section s such that s\x = 1 and such that the support of the divisor of s lies entirely 
in the fiber over the point v ^ SS . 

Proof. When e = 1, this is precisely the content of the statement and proof of |Yua08t 
Lemma 3.5]. The proof executed there in the case where K is a number field applies equally 
well to the present situation. To extend to the case e > 1, we start with a model function 
f{x) = — log ||l(a;)||y'^. Let g = ef. We may apply the case e = 1 to the model function g to 
get a ^-model , i^{g)) of (X, Ox) with trivial metrics at all places w ^ v and the metric 
II • 11^ at V. Now view Gi^g) as a model of the bundle 0\ via the canonical isomorphism 

Ox Ox sending 1 to 1®^. This is precisely the model we seek, as the metric at v is 

II llVe n 
now ■ \\v ■ U 



Momentarily we will prove a fundamental formula for intersecting the line bundle 
with the Zariski closure of a point of x in some model First we need some notation. If x is 
any closed point of X, note that x breaks up into finitely many closed points over — one 



for each extension of the valuation v to the residue field K{x) at x (cf. Proposition 6.1 ). Let 
Ov{x) be the image of this set of points under the canonical inclusion of \Xk^ \ ^ X^^, where 
\Xk^ I is the set of closed points of X^^. Another way to view Oy{x) is as the image of {x}^^ in 
X^^. Let deg^{y) = [Ky{y) : K^j] be the degree of the residue field of the closed point y G Xk^ 
as an extension over Ky. These degrees satisfy the relation deg(x) = J2yeOv{x) ^^Sviv)- (This 
is a classical fact proved in the appendix. It can also be deduced from the discussion at the 



end of section 2.4 by integrating a nonzero constant function.) 



Lemma 2.8. Suppose f is a model function on induced by a formal metric on Ox^n. 
Let (^, ^(/)) be a ^-model of (X, Ox) as in Yuan's lemma. If x is a closed point of X , 
then 

c,mf))-[x] = [k{v):k] J2 deg,(l/)/(y), (7) 

where x is the Zariski closure of x in ^ and k{v) is the residue field of the point f G 

Proof. We begin the proof by interpreting the contribution of a point y G Ov{x) to the 
sum in ([T]) in terms of lengths of modules over a neighborhood in the formal completion 
of ^ along the closed fiber over the point v. Then we interpret the intersection number 
Ci ((^(/)) ■ X in terms of the same quantities by working on the formal completion of x along 
its closed fiber over v. 
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A point y e Ov{x) corresponds to a finite extension of fields Ky{y)/Ky and a X^-morphism 

Spec Kv{y) — > Xk^- Let R be the valuation ring of K^{y); i.e., the integral closure of K° in 
Ky{y). By properness, we obtain a lift to a _ft'°-morphism y : Speci? ■^k°- Now take an 
open affine W = Spec A around the image of the closed point of Speci? via y over which 
^{f)(E)K° is trivial. For topological reasons, y factors through W. Set M = (^(/) ® K°) 
it is a free A-module of rank 1. Then there exists a section u E M that generates M as an A- 
module and, by Yuan's lemma, a rational section s such that s\wk^ = 1- Write s = {^1/^2)^ 
for some 71, 72 G A. 

Let m„ and m.R be the maximal ideals of K° and R, respectively. Both of the latter are 
discrete valuation rings; we denote the corresponding normalized valuations by ord^ and 
ord^, respectively. (Recall that this means a uniformizer has valuation 1.) Extend these 
valuations to the fraction fields Ky and K^{y) in the usual way. The normalized absolute 
value on Ky is given by |c| = exp(— ord„(c)) for any c G Ky. If Cy is the ramification index 
of Ky{y) over Ky, then the absolute value extends uniquely to Ky{y), and is given by the 
formula |c| = exp(— ordR(c)/ey). 

Passing to the m^-adic completion of everything in sight gives a morphism y : Spf (i?) —>■ 
Spf (A), and we denote by 7^ the image of ji in A. Let ay : A ^ Rhe the induced morphism 
of complete i^^^-algebras. By definition, we now have 



f(y) = -iog||i(?/)ll = - log 



72 



log 



«y(7i 



Letting ku — R/rtiR and ky — K°/my be the relevant residue fields, we have [Ky(y) : Ky] ~ 
ey[kR : ky]. This follows, for example, from the degree formula for extensions of Dedekind 
rings. Therefore 

deSviy)fiy) = [kR ■ ky] ordfl {ay{%)/ay{%)) . (8) 

Note that ky is canonically isomorphic to the residue field of ^^^^ because the completion of 
this local ring is precisely K°; i.e., ky = k{v). 

Now we turn to the intersection number ci (^(/)) • [x]. Let tt : =^ — > =^ be the structure 
morphism, and let j : x ^ ^ he the closed immersion of x with its reduced subscheme 
structure. There exists a rational section s such that supp[div(s)] is contained entirely in 
Tr~^{v), and s\x — 1- This is the same section s that was used above (prior to restriction 
and base change). As x is proper and quasi-finite over it is finite over To compute 
the intersection number Ci (^(/)) • [x] we may restrict to an affine neighborhood U = SpecC 
of V. Let xij = SpecT, where T is a finite domain over C. We also call j the morphism 

SpecT ^ Let = j* {^{f)\^u) be the corresponding T-module, and we will also 
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write s for the image of our rational section in A^. By definition, we have 



Cl 



J2 [k{t):k]oTdt{s). 



(9) 



teSpecT 
closed points 



Here ordt(s) = It^^ (TmJaiTmt) — (T-mJ a2Tmt) , where xrit is the maximal ideal of T 
corresponding to the point t, and s corresponds to 0"i/(T2 for some <Ji,a2 G T^j under an 
isomorphism N ^ 



mt 



Tmt- It is independent of the choice of isomorphism and of the 
choice of (Xj (cf. |Ful98l Appendix A.3]). 

To say that supp[div(s)] lies in the fiber over v means that ordt(s) = whenever the closed 
point t does not lie over v. Thus localizing on the base f/ in ([9]) preserves all of the quantities 
in the sum, and so we may replace T by T ®c ^,'^,v We continue to call this semi- local ring 
T. But length is preserved by flat residually trivial base extension, so we may even pass 
to the iTitj-adic completion without affecting the quantities in Now ^,<^^v = K°, and 
T = T Kl = 111=1 where the maximal ideals of T are rrii,. . . and Tj is the 

m^-adic completion of Tnx^ (cf. |Mat89t Thm 8.15]). Note also that the residue fields of ff^^v 
and K° are canonically isomorphic. Equation ^ now becomes 



Cl 



X 



[k{v):k]J2[KU)--k{v)]oTdiS^ 



(10) 



1=1 



where ii,...,ir are the closed points of SpecT, and s is the image of s in the mt,-adic 
completion of A^. 

By construction, base changing x ^ ^ to K° gives a commutative diagram 

Spec T = — ^ ■^Ks 




The horizontal maps are closed immersions. By virtue of this diagram, we see that the points 
of 0„(x) are in bijective correspondence with the generic points of SpecT, which in turn are 
in bijective correspondence with the generic points of the disjoint closed subschemes SpecTj. 
Moreover, given y G Ot,(x) corresponding to the generic point of SpecT,, the ^^'"-morphism 
y : Spec R — * constructed above factors through the closed immersion Spec T, ■ 
This gives the equality of residue fields [kji : ky] = [kji : k{ii)][k{ii) : k{v)]. 



Comparing and (10), we see the proof will be complete once we show that 



ordi;(s) 



[kn ■■ k{ii)] ordn (ay(7i)/«y(72)) • 
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Again for topological reasons, Speci? Spec A factors through SpecTj, so we find that the 
composition A ^ Ti ^ R equals the homomorphism ay : A ^ R from before. Furthermore, 
the definitions are such that the elements dj used to compute ord^. (s) may be chosen to 
correspond to ay(7j) under the homomorphism Tj —>■ R. As R is the integral closure of Tj 
in K^{y), the desired equality is easily deduced from the following well-known formula upon 
setting S = Ti and a = di. □ 

Lemma 2.9 ( |Ful98t Example A. 3.1]). Let S be a one- dimensional local noetherian domain. 
For any a E S , we have 

ls{S/aS) = Y,lR{R/aR)[R/mR : S/msl 

R 

where the sum is over all discrete valuation rings of the fraction field of S that dominate S. 

2.4. Associated Measures. As before, let X be a projective variety of dimension d over the 
function field K, and fix a place v for the entirety of this section. For semipositive metrized 
line bundles Li, . . . , on X, we will define a bounded Borel measure ci (Li) ■ ■ ■ ci (L^) on 
X^'^. In order to avoid extra notation, we do not indicate the dependence of the measure on 
the place v as it will be apparent from context. Any model function / : — >■ M induces 
an integrable metrized line bundle Ox{f) on X, and the measure is defined by 

/ / Ci (Ii) ■ ■ ■ Ci (I,) = Ci (O^) Ci (Ii) ■ ■ ■ Ci (I,) . 

This approach through global intersection theory has the advantage of being technically easy 
to define. However, it obscures the fact (which we shall prove) that the measure depends 
only on the metrics of the Li at the place v. One could also develop local intersection the- 
ory on formal schemes over K° and define the associated measures purely in terms of local 
intersection products. This is the viewpoint taken by Gubler; for a nice synopsis of the prop- 
erties of local intersection theory, see |Gub07t §2] . These measures were originally defined by 
Chambert-Loir jCLOGj in the number field case using the formula of Theorem 2.12[ i) below. 



and then by passing to the limit using the local intersection theory of Gubler |Gub98] . 



For / a continuous function on X^", define Ox{f) to be the adelic metrized line bundle with 
underlying bundle Ox, the trivial metric at all places w ^ v and the metric ||l(x)||t, = e~^^^^ 
at V. 



Lemma 2.10. If f is a model function on X™, the adelic metrized line bundle Ox{f) is 
integrable. 



Proof. If / = — log II ■ liy*^, then Yuan's Lemma (Lemma 2.7) allows one to construct a 
model , ^W)) of such that the associated adelic metrized line bundle is Ox{f)- 

As ^ is projective, we can write ^(/) = ® ^2 some ample line bundles ^1, ^2 
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on . They are a fortiori relatively semipositive, and so they induce semipositive metrized 



-V 



line bundles Li,L2 such that Oxif) = Li ® L2 ■ Thus Oxif) is integrable. □ 

Lemma 2.11. Let X be a projective variety of dimension d over the function field K and v a 
place of K . For any choice of semipositive metrized line bundles Li, . . . , Ld, the association 

f^c^{0^)c^{L^)---c^{Ld) 

defines a bounded linear functional on the Q-vector space of model functions on with the 
uniform norm. 

Proof. It is apparent from the definition that if / and g are two model functions, then 
Oxif) ® Ox{g) = Oxif + 9)- Thus the map in question is additive. Next note that ^/ is 
a model function for any n > 1 whenever / is a model function (view Ox as Ox via the 
isomorphism 1 1®"). It is therefore an easy consequence of additivity that the map in 
question is Q-linear as desired. 

The map is bounded by Theorem 2.1[ ii). □ 

The space of model functions on X^"^ is dense in the linear space ^(X^'^, M) of real- valued 
continuous functions endowed with the uniform norm (Lemma |2.6 ), so the association in 
the previous lemma extends to a bounded linear functional on ^(X^'^jM). By the Riesz 
representation theorem, we may identify it with a Borel measure on X^"^. Denote this 
measure by ci (Li) ■ • • ci [Ld). Evidently we require d = dimX > 1 for this notation to be 
sensible, an annoyance we will remedy at the end of this section. 

Theorem 2.12. Let X be a projective variety of dimension d over the function field K 
and V a place of K. If Li, . . . , Ld denote semipositive metrized line bundles on X , then the 
following properties hold for the measures Ci (Li) • • ■ Ci [Ld) : 

(i) Suppose X is normal, that ^ is a normal ^-model of X , and that ^i,...,=Sfrf 
are models on of L^^, . . . ,L'^f, respectively, that induce the metrized line bundles 
Li, . . . ,Ld. Let l^v] = with each Wj irreducible, and let 6^. denote the 

Dirac measure at the unique point C,j G X^"^ that reduces to the generic point of Wj . 
(See the remarks preceding Lemma \2. 5[ ) Then 

ci (Li) ■ ■ ■ ci [Ld) = 2^ m(j) — — 



ei ■ ■ ■ Crf 



(ii) ci • • ■ Ci [Ld) is symmetric and multilinear in Li, . . . , Ld. 

(iii) Ci [Li) ■ ■ ■ Ci [Ld) is a nonnegative measure^ 

(iv) // Li and L^ have the same underlying algebraic bundle and identical metrics at the 
place V, then ci [Li) • ■ ■ ci [Ld) = ci (^L^ ■ ■ ■ ci [Ld) as measures on X^"^. 



^ Measure theory texts would called this a positive measure. 
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(v) The measure ci ■ ■ ■ ci (L^) has total mass [k{v) : k] degj;^^^ j;^^(X). 

(vi) IfY is another projective K -variety and (p :Y ^ X is a generically finite surjective 
morphism, then 

ip^ {ci {'p*Li) ■ ■ ■ ci [(p'Ld) ] = deg{ip)ci (Li) ■ ■ ■ ci (L^) . 

Proof, (i) It suffices to prove that both measures integrate the same way against a model 
function of the form / = — log Use Yuan's Lemma to choose a model {J^ , <ff{f)) of 

(X, Ox) and a rational section s of ^(/) such that the support of [div(s)] is contained in 
the fiber J^T^,. Then we have 



/ /ci(Li)---ci(L,) 



ei ■ ■ ■ Cd 



ei ■ ■ -Cd 



Applying ([T]) of section 2.2 shows us that ordiy^. (s) = m(j)f(^j), which implies the result. 

(ii) This follows immediately from Theorem 2.1[ iii). 

(iii) It suffices to show that if / = — log||l||^ is a nonnegative model function, then 
/xan /ci {Lij ■ ■ ■ c\ [Ld) > 0. We may also assume that all of our metrized line bundles are 
induced by models . . . , by using a limit argument. Apply Yuan's lemma to get a line 
bundle ^(/) that induces the metrized line bundle Ox{f), and let s be a rational section 
of ^(/) whose associated divisor is supported in As / > 0, we deduce that [div(s)] is 
effective (cf. Q). Then 

/ /ci (Ii) ■ ■ ■ ci (Ld) = ci (^i) ■ ■ ■ ci i^d) ■ [div(s)] > 

because the intersection of relatively semipositive line bundles on components of the fiber 
is nonnegative. 

(iv) It suffices to show that 

/ g ci (Li) ■ ■ ■ ci (Ld) = g ci ■ ■ ■ ci (Ld) 
for any model function g : X^'^ —>■ M. In terms of intersection numbers, we must show 
ci (Oxig)^ ci (Li) ■■■Ci (Ld) = ci (^Ox{g)^ ci ■ • ■ ci (Ld) . 

By linearity, this reduces to proving that if Li is an integrable metrized line bundle with 
underlying bundle Ox and the trivial metric at v, and if L2, ■ ■ ■ ,Ld are arbitrary semipositive 
metrized line bundles, then 



ci(0x(^7))ci(Li)---ci(Lrf) =0. 
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We know Li must have the trivial metric at almost all places, so there exist finitely many 
places Wi, . . . ,Wn oi K and continuous functions /u,. : X^'^ M such that 



We may assume that no Wi = v. Again by linearity, we may reduce to the case Li = Oxifw) 
for some continuous function with w ^ v. By a limit argument, we may further suppose 
that fw is a model function and that L2, . . . ,Ld are induced by models ■ ■ ■ , on some 
e^- model 2J . Using Yuan's lemma (and the Simultaneous Model Lemma), we can find a line 
bundle G{jw) on 2J that induces Ox{fw) and a rational section s of ff{fw) with associated 
divisor supported entirely in the fiber Finally, use Yuan's lemma again to get a line 
bundle i^{g) on ^ (perhaps after replacing ^ with a dominating model) equipped with a 
rational section t whose divisor is supported in Then 

ci (pM) ci (Ii) ■ ■ ■ ci (I,) = ci {ff{g)) ci (^(/^)) ci {^2) ■ ■ ■ ci (^rf) = 0, 

since the section t is regular and invertible when restricted to Thus (iv) is proved. 

(v) Take any =^^-model ^ of X. The cycle [^v\ is a Cartier divisor, and we can use it 
to define the constant model function 1. Indeed, if vr is a uniformizer of ^,gg^v, then vr is a 
local equation for on ^ . Consider the line bundle ^s;i\''^v\)', it induces the metrized 
line bundle Ox{f), where /(x) = — log ||l(x)||t, = — log|7r|„ = 1. 

By a limiting argument we may assume that the metrized line bundles Li,...,La are 



induced by models J^i, . . . ,J^d of L^^, . . . , L^"^, respectively. Now Lemma 2.3 shows 



f , fT\ fT\ ci(^i)---ci(if,)-[jr,] [kiv):k]degL^r_L^,iX) 

/ 1 ci (Li) ■ ■ ■ ci (Ld) = - = . 

Jx-^ ei ■ ■ ■ ei ■ ■ ■ Cd 



(vi) This is an easy consequence of Theorem 2.1 'iv) and the fact that Oyif ° ^) 



^*Ox{f) for any continuous function /. □ 

Parts (iii) and (v) of the above theorem indicate a natural normalization for these mea- 
sures. For a semipositive metrized line bundle L with ample underlying bundle L and a 
place V of K, define a probability measure by 

^^''^ [k{v):k]deg,{Xy 
Given any subvariety Y G X, we can similarly define a probability measure supported on 
Y^^ since L|y is also semipositive. If j : Y^"^ X^'^ is the canonical inclusion, then we set 

jci (L|y)'^™^| 



^^Y,L,v 



[k{v):k] degjF)- 



When F = X, we see immediately that fiyXv — I^Xv 
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Finally, we want to define for a closed point x & X. For any model function / on 

X^"", define 



fdfx 



' ^"^^^'^'^ [k{v) : k] deg(x) 



ci(0x(/)lw) 



The proofs of Lemma 2.11 and Theorem 2.12 apply here to show that fJ^^^yj^^^ extends to 



a Borel probability measure on X^'^. Evidently it is independent of the semipositive line 
bundle L, but we have chosen to retain it in the notation to preserve symmetry with fiyZv 



when y is a higher dimensional subvariety. By Lemma 2.8, we have the appealing formula 



where 6y is the point measure supported at y. 

2.5. Global Height Functions. In this section we define normalized height functions as- 
sociated to semipositive metrized line bundles. One of the most useful properties of height 
functions with regard to arithmetic intersection theory is the transformation law that they 
satisfy when one changes some of the metrics by a constant. For example, this property 
will allow us to define canonical height functions and invariant measures associated to a 
dynamical system. 

Suppose L is an ample line bundle on X and L is a semipositive metrized line bundle with 
underlying bundle L. Then L|y is semipositive for any subvariety Y G X. We define the 
height of such a subvariety by 

^ /^i xdimy+l 

, ^ C\ \L\y] 



(dimF + l)degi(y)' 



Recall that Ox{b) is defined to be the adelic metrized line bundle with underlying bundle 
Ox, the trivial metric at all places w ^ v and the metric ||l(a;)||i, = e"'' at v. 

Theorem 2.13. Suppose X is a projective variety over K, L is an ample line bundle on X , 
and L is any semipositive metrized line bundle with underlying bundle L. 

(i) If l' is another semipositive metrized line bundle with the same underlying algebraic 
bundle L, then there exists a positive constant C such that for any subvariety Y of 
X, 

\hj^{Y)-h-^\Y)\<C. 

In fact, we may take 

C = Y,\k{v)--k]disU(\\-\\z^^A\-\\t^,). (11) 

V 
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(ii) Fix a real number b and a place v of K . Then the adelic metrized line bundle 
L (8> Ox{b) is semipositive, and for any subvariety Y , we have 



h^^o^){Y) = hj:{Y) + b[k{v):k]. 



(iii) Given any closed point x and rational section s of L such that x ^ supp (div(s)), we 
have the following local decomposition: 



hj^{x) 



-1 



deg(x; 



^[k{v):k] ^ deg^(?/)log||s 



L,v 



Proof. To prove (i), we use the telescoping sum trick from ^ in the previous section, and 
Theorem |2.1|fii). Set r = dimF. Then 



Ci (L|y) 



r+1 



ci r 



r+1 



j=Q 
r 



< 5^ ci {LwYc, ((l (L'r) 1^) ci (r 



\Y 



<^degjr)J][fc(t;):fc]dist, 

j=Q V 

= C(r + l)deg^(r), 



\L,vJ II IIl ,v 



where C is the constant in (11). Dividing both sides by (r + l)degj;^(F) and using the 
definition of height gives the result. 

For (ii), we note that arithmetic intersection numbers are continuous with respect to 



change of metric (Theorem 2.1 ii)). Therefore it suffices to assume that L is induced by a 
relatively semipositive e^-model {^,^) of (X, L*^). Let us also assume that 6 = ^ G Q. 
As in the proof of Theorem 2.12 we can construct a model of Ox that induces the 
metrized line bundle Ox{b) by taking the line bundle ^ = ffx{f^[^v\) associated to the 
Cartier divisor m[^y] on ^ . It is a ^-model of the trivial bundle Ox-, and we may view 
it as a model of 0\ via the isomorphism Ox — > 0\ carrying 1 to 1®". If vr is a local 
equation for on then we see that the metric on Ox at v induced by ^ is given by 
II l(a^) 11^,1) = |vr'"|y"' = e"™/". The metrics at all of the other places are evidently trivial. 

The line bundle ^ is relatively semipositive on ^ . Indeed, take any curve C supported 
in the fiber over a point w E If w ^ v, then C and [J?^] are disjoint and [J^T^] • C = 0. If 
w = V, then we note that [.^v] = 7r*[t'], where it : ^ ^ is the structure morphism. Let 
D be a divisor on ^ linearly equivalent to [v] such that v ^ supp(D). Then 7t*D is a divisor 
with support disjoint from C, and so [^v] ■ C = n*D -0 = 0. 

Notice that, as an operator on codimension-two cycles, Ci (^)^ = by a linear equivalence 
argument similar to the one at the end of the last paragraph. Hence, for any subvariety 
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Y G X oi dimension r, we have 



o— n \ 3 / 



j=0 

V + 1\ ci i^y ci (^)"+'"^ • [F] 



E 



ci(^r^-[F] ^ ^ ci(^rci(^).[F] 
c.(ihr-' + ^(,.+i)-'<^'^j^i-i^;i 

ci (I|y)^+' + ^(r + l)[A;(t;) : A;]degjF). 



The last equahty follows from Lemma 2^ Applying the definition of height immediately 
gives the result in the case h = ^. The general case follows by continuity of arithmetic 
intersection numbers when we take a limit over rational approximations of h. 



The proof of (iii) is similar to the proof of Lemma 2.8, so we omit it. □ 



3. Algebraic Dynamical Systems 

In this section we review the facts necessary to work with algebraic dynamical systems 
defined over a function field, including the construction of the invariant metrics on the 
polarization of a dynamical system, the theory of (canonical) dynamical heights, and the 
invariant measures for the dynamical system. 

3.1. Invariant Metrics. Here we are concerned with the existence and uniqueness prop- 
erties of invariant metrics on the polarization of an algebraic dynamical system. This will 
give us a natural semipositive metrized line bundle with which to define heights related to a 
dynamical system. 

Let (X, if, L) be an algebraic dynamical system over K as in the introduction. Suppose 
6 : if* L ^ L'^ is axi isomorphism with g > 1. For a place v of choose any initial metric 
II ■ II on For example, it could be the metric induced by a ^-model of L. We can 
construct an invariant metric on Ly by Tate's limit process: by induction, define 

II II — ( ^*ii II ^ a~^\^l'i 

II ■ ||n+l,i; — yP \\ ' \\n,v ° V ) 

Here Lp*\\ ■ \\n,v denotes the metric on ip*Lv induced by pullback. It is well-known (cf. |BG06l 

§9.5] or |Zha95bt §2]) that this sequence of metrics converges uniformly to a continuous 

metric || ■ ||o,d on L^, with the following properties: 
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(i) The puUback by agrees with the gth tensor power (up to the isomorphism 6): 

\\-\\Zoe = cp*\\-\\o,.. 

(ii) If 6 is replaced by 6' = aO for some a G , then the corresponding metric con- 
structed by Tate's hmit process satisfies 

1 

II ■ llo,D ~ I'^l'' II ■ llo,-!;- 

Property (i) uniquely determines the metric. In the literature this metric is sometimes called 
the "canonical metric" or an "admissible metric." We adhere to the term invariant metric 
because it is only canonical up to a choice of isomorphism 9 by property (ii), and we feel 
the term "admissible" is already overused in nonarchimedean geometry. We can interpret 
property (i) by saying that the family {|| ■ \\q^v}v of invariant metrics provide the unique adehc 
metric structure on L such that the isomorphism 6 : (p*L ^ L'^ becomes an isometry. 

The above discussion settles the existence of invariant metrics at each place f G but 
we still need to show that they fit together to give a semipositive adelic metrized line bundle: 

(iii) There exists a sequence of ^-models (<^, =Sf„) of (X, L'^") such that each ^„ is nef, 
II ■ ll^^'i' ~ II ■ llo'^ almost all v, and || ■ \\%^"^ — > || ■ ||o,»; uniformly for every other 
place V. In particular, the metrized line bundle L with underlying bundle L and the 
family of metrics {|| ■ \\o^v}v is semipositive. 

The first step in this direction is to construct a sequence of ^-models that determine metrics 
on L according to Tate's limit process. 

Lemma 3.1. Let X be a projective variety over K and L an ample line bundle on X. Then 
there exists a positive integer e and a ^-model {J^ of (X, L^) such that ^ is nef. 

Proof. This proof was adapted from a remark in the Notation and Conventions section of 
[YuaOSl §2.1]. Choose e so that is very ample. Let 

X ^F^^F% = F^ 

be an embedding induced by followed by identifying with the generic fiber of P^, and 
set ^ to be the Zariski closure of X in with the reduced structure. Let vr : — =^ be 
the restriction of the second projection. Choose a collection of basepoint free global sections 
Sq, . . . ,sn of L'^, and let be the section Sj viewed as a rational section of ^^(1). Let D 
be an ample Cartier divisor ^ such that [vr*i5] + [div(Si)] is effective for all i. Finally, define 
^=^^(l)®7r*^,^(D). 

We claim that ^ is nef. Indeed, suppose '3^ is an irreducible curve on If is vertical 
— i.e., 7r(^^) = {v} for some closed point v E ^ — then 

ci (^)-[^r] = deg(^^;(l)|.^)>0, 
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since i^j; (1) is relatively ample. If IV is horizontal, then choose one of the sections Si of 
such that ^ supp[div(si)]. Then is not contained in the support of [div(si)], and it 
intersects properly with any subvariety of a vertical fiber. Hence, 

ci (^) ■ m = [div(S;)]^ ■ \^\ + ([div(S;)]^ + ci (tt*/})) • \^\ > 0, 

where [div(s'j)] = [div(s'j)]/i + [div(S'j)]/ is the decomposition of this cycle into its horizontal 
and vertical parts. □ 

Returning to our construction, choose an initial ^-model of (X, L^^) such that 

J^i is nef on The above lemma guarantees the existence of such a model. Define the 
metric on L„ to be 



|l/ei 



We proceed induction. Suppose (,^,^„) is a ^-model of (X, L*^"), where e„ = g"~^ei 
and is nef. Let j„ : X ^„ be the inclusion of the generic fiber (always implicitly 
precomposed with the preferred isomorphism t„ : X ^ {■^n)K)- Let : X — > X X;^ X be 
the graph morphism. Consider the commutative diagram 




where = {jn x j„) o T^. Define =^+1 to be the Zariski closure of r^(X) in 



with the reduced subscheme structure. Take 



+1 



n + l • 



The graph morphism 



and the tensor power give the preferred isomorphisms between X and the generic 
fiber of S^n+x and between (p*L'^'^ and L''^", respectively. As always, we will make these 
identifications without comment in what follows. Set e„+i = qcn-, and define a metric on 
-^t) by II • lln+1,1; = II ■ ll^^^^i;- Observe that -^n+i is nef since it is the puUback of a nef line 
bundle. 



The metrics on are, by construction, exactly as given by Tate's limit process. This 
follows from the fact that formation of formal metrics commutes with formal puUback 



(Lemma 2.4), and a small computation: 



I n+l,v 



-{I 










°^n + l J 




||l/en 


orM 




\\n,v ^ 





Moreover, we now show that almost all of the metrics constructed are stable under this 
pullback procedure. As X is of finite type over K, there exists an open subset ^ G ^ 
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such that the endomorphism (/? extends to a '^-morphism c/?^ : (=^i)<^ — > {■^i)'^, and the 
isomorphism 9 : (p*L extends to an isomorphism : — ^ 

The graph morphism extends over ^ to give a closed immersion — * (<^i)<=^ x<g/ 
Consequently, its (scheme-theoretic) image is exactly (=^2)'^, so that ^^^\ and =^ 
are isomorphic when restricted over ^ . Pulling back via this isomorphism and applying 
Qq^ shows r*^^^2 = '^^/■^i — ^\ over . As ^2 is a model of via the graph morphism 
and the isomorphism 6*, we conclude that for each place v corresponding to a closed point of 
we have 

II II _ II ||l/e2 _ II ||l/ijei _ II ||l/'^i _ II II 
II ■ 112,1) — II ■ llifa ~ II ■ ~ II ■ 11=^"! ~ ll ■ ill'*-'- 

The isomorphism between and [^^2)'^ allows us to extend the work in the previous 

paragraph by induction to conclude that for each place v oi^ ^ the metrics || • on L„ are 
equal for all n. 

3.2. Dynamical Heights. Let the data (X, i^,L),9 : (p*L ^ L^, and L be as in the previous 
section. For a subvariety y C X, we can define its dynamical height with respect to the 
dynamical system {X, (f, L) by the formula 

^ fTl 



(dimy + i)degjy)- 

Theorem 3.2. Let (X, (p, L) he a dynamical system over K, 9 : ip*L ^ an isomorphism, 
and L the line bundle L equipped with the corresponding invariant metrics {\\ ■ \\o,v}v 

(i) The height is independent of the choice of isomorphism 9. 

(ii) For any subvariety Y G X , h^^lY) > 0. 

(iii) For any subvariety Y G X, hy,{(p{Y)) = qh^{Y). 

(iv) // Y is preperiodic for the map ip (i.e., the forward orbit {(p^{Y) : n = 1,2, ...} is 
finite), then h^{Y) — 0. 

Before turning to the proof, we will need the following 

Lemma 3.3. Let {X, (p, L) be a dynamical system defined over K, and let p)*L = for 
some integer q> \. Then for any subvariety Y G X, the induced morphism Y </'(y) is 
finite of degree q"^^^^ . 

Proof. Let ip : Y ^ be the morphism induced by p. First note that is 

ample on Y since the restriction of an ample bundle to a subvariety is still ample, and 

If ip{Z) = {p} for some subvariety Z G Y and some point p, then ijj* (^L\^(^z)) — Oz, which 
can only be ample if Z is reduced to a point. Hence i(j : Y ^ ^pO^) has finite fibers. As X 
is projective, we see ^0 is a projective quasi-finite morphism, and so it must be finite. 

31 



If r = dimy, the projection formula gives 

ci (LY . [Y] = q-^c, iv*LY . [Y] = q-^c, {Lf ■ V.{[Y]) = ^^Ci {Lf ■ [Y]. 
As L is ample, we may divide by ci {Lf ■ [Y] to conclude deg{ip) = q^. □ 



Proof of Theorem 3.2. (i) Let 9' = aO for some a G . If M is the metrized line bundle 

1 

with underlying bundle Ox and metric at the place v given by = |a|^"\ then the 

invariant metrized line bundle corresponding to ^' is L = L®M (property (ii) in section 3.1 ). 
Take any model of X and consider the line bundle (^(div(a)) associated to the principal 
divisor div(a) on ^ . We can view it as a model of on the generic fiber via isomorphisms 
Ox(div(a)) = Ox — O^^. It is easy to check that the metric on Ox at v given by (^(div(a)) 
coincides with that of M. Letting r = dimF, we find that 

?i (tWf*' (11,-)"+' = ci (L|r ®M|y)''" (i|y)""" 

i=0 ^ ^ 



r+l—i 



All of the terms in this sum involve an intersection with ci (M), and if we compute this 
intersection on a model we are forced to intersect with the principal divisor div(a). Thus 
each term in the sum vanishes. 

(ii) Arithmetic intersection numbers are continuous with respect to change of metric, so 
it suffices to prove Ci {^f'"^^^^ ■ [Y] > 0, whenever (Jf,^) is a =^^-model of (X,L^), ^ 
is nef and Y is the Zariski closure of y in ^ . Kleiman's theorem on intersections with nef 
divisors implies the desired inequality |Laz04l Thm. 1.4.9]. 



iii) Let r = dimy. By Lemma |3.3 the morphism (p restricts to a finite morphism 



Y ^p{Y) of degree q^. Theorem |2.lK iv) implies 

"^^^^^ (r + l)deg^(^(r)) (r + l)deg,.^(y) ^(r + 1) deg^(y) 

(iv) If the set {(/?"'(F) : n = 1, 2, . . .} is finite, then if^iY) = Lp"^{Y) for some m > n > 1. 
By the previous part, we have 

g"/i^(F) = h^iv^iY)) = K{^^{Y)) = q^KiY). 
As g > 1, we are forced to conclude that h^p{Y) =0. □ 

As a special case of part (iv) of the previous theorem, we note that 
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3.3. The Invariant Measure /i^^^,. Choose an isomorphism 9 : Lp*L ^ L'', and let L be 
the line bundle L equipped with the invariant metrics constructed as above. Fix a place v 
of K. Define a Borel probability measure on by the formula 



Here /xj; ^ and Ci (L) are the measures constructed in section 2.4 An argument similar to the 



one that proved Theorem 3.2[ i) shows that ii^p^^ is independent of the choice of isomorphism 



6. Although it is not logically necessary for what follows, we give some further commentary 
on these measures. 

Since tp is finite of degree g"^ (Lemma 3.3), we see that the measure /i<^,„ has the following 



invariance property: 



Indeed, it follows immediately from Theorem 2.12 and the fact that (p*L is isometric to L'^ . 



Given any subvariety F C X, we can also define the measure fJ.Y,<p,v = fJ'Y,L,v s^^" 
tion 



2.4 



Lemma 2.12 vi) can be used to show 

An important example is the case when X is a smooth geometrically connected projective 
variety over K and f is a place of good reduction for (X, i.e., there exists an open 

subvariety ^ C ^ containing the point v, a smooth ^-model {^,J!f) of (X, L), a 
morphism <^o2< : ^ ^ whose restriction to the generic fiber is precisely y), and an 
isomorphism 'p%.^ ■f^'^ ■ Roughly, the dynamical system can be reduced (mod v). One 
can see from Theorem 2.12[ i) and our description of Tate's limit process that there exists a 



point C G X'^ such that [i^p^^ = 5^. The point ( is the unique point mapping to the generic 
point of the special fiber J^^j under the reduction map X^"^ 2^^. Moreover, the forward 
invariance of the measure /x^,^ implies that C is a fixed point of the analytification of y?: 

^r(C) = C- 

As a final remark, we mention a backward invariance property the measure /x^^^, presumably 
possesses based on the work of Chambert-Loir |CL06l §2.8] and others, although we do not 
provide any proof in the present article. There is a way to define a trace map y^^, on the 
space of continuous functions on X^"^, and by duality a pullback measure ^* [i^p^v It should 
then be true that v^*/i^,t, = (fl^.^^v As a consequence of this backward invariance property, 
if (X, has good reduction at a place f, then {}-p^^~^{C) = where /i<^,„ = 6t^ as in the 
previous paragraph. That is, ( is a totally invariant point for the morphism (f'^^. By analogy 
with the case of complex dynamical systems, we expect that the invariant measure /x^^t, can 
be completely characterized as the unique Borel probability measure on X^"^ such that 
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• '^*n^,v = q'^l^ip,v, and 

• fi^p^v does not charge any proper subvariety of X: fi^p^^iY^^) = for any proper 
subvariety Y G X. 

See the articles of Chambert-Loir |CL06j and Chambert-Loir / Thuilher |CLT08j for proofs 
that the above properties hold for the measure It is not yet known if they deter- 

mine the measure. See the article of Briend and Duval |BD01] for a discussion of such a 
characterization in the setting of complex dynamics. 

4. Proof of the Equidistribution Theorem 

Our goal for this section is to prove Theorem We will deduce it from a stronger result 
that is more flexible for applications and also gives equidistribution of small subvarieties. As 
always, we let X be a variety over the function field K. Let L be a semipositive metrized 
line bundle on X with ample underlying bundle L satisfying the following two conditions: 

(51) There exists a sequence of ^-models =^„) of (X, L'^") such that each ^„ is nef, 
II ■ W^^Tv ~ II ■ llo.»' almost all v, and || ■ \\^^^"^ — > || ■ ||o,j; uniformly for every other 
place V. 

(52) The height of X is zero: = 0. 

A net of subvarieties of X consists of an infinite directed set A and a subvariety Ya C X 
for each a E A. A net of subvarieties {Ya)a£A is called generic if for any proper closed subset 

V G X, there exists ao E A so that Ya (t V whenever a > ao. Equivalently, there does not 
exist a cofinal subset A' G A such that Y^ G V for all a E A'. The net is called small if 
limagA hj^iXa) = 0. 

Theorem 4.1. Let X be a projective variety over the function field K equipped with a 
semipositive metrized line bundle L with ample underlying bundle L satisfying conditions 
(SI) and (S2). Let 

a^A be a generic small net of subvarieties of X. Then for any place 

V of K, and for any continuous function f : X^^ M, we have 

lim / fdfiY^ L,v = / fdf^L,v 
That is, the net of measures {i^y^j:^v) ^^a converges weakly to fxj^^^. 



Before turning to the proof, let us indicate why Theorem 1A_ follows from Theorem Let 
(X, (f, L) be a dynamical system defined over the function field K. Choose an isomorphism 
6 : (p*L —>■ L'^. Let L be the semipositive metrized line bundle with underlying bundle L and 



the associated invariant metrics at all places as defined in section 3.1 Then property (iii) of 
the same section is precisely the condition (SI). As h^p = hj^ (by definition), the discussion 



at the end of section 3.2 shows condition (S2). Thus the hypotheses of Theorem 4.1 on L 
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are satisfied. Upon unraveling all of the definitions, the conclusion of Theorem Ll^ follows 
immediately from that of the above theorem. 

In order to see why the above theorem is more useful in practice, consider a dynamical 
system {X,(f,L), and let Y be any subvariety of X such that h^{Y) = 0. If f{Y) ^ Y, 
then Y cannot be considered as a dynamical system on its own. Nevertheless, we find that 
L\y is a semipositive metrized line bundle satisfying conditions (SI) and (S2), and so we 
can use the above theorem to deduce equidistribution statements for generic small nets of 
subvarieties of Y. 



Proof of Theorem 4-1' Fix a place v of K. By Lemma 2.6 and a limiting argument, it 
suffices to prove the theorem when / = — log||l||y" is a model function. By linearity of 



the integral, we may take n = 1. Lemma 2.7 allows us to assume that / is induced by a 



e^-model (^, ^(/)) of {X,Ox)- We also choose ample line bundles and ^2 on ^ 
so that ^(/) = ^2 ■ Let Mi be the metrized line bundle on X determined by 
Finally, we assume that r^^n / dfij^ „ > for the moment and remove this hypothesis at the 
end of the proof. 



rN , -rN 



For any > 1, we define L (/) := L ® Ox{f)- We wish to compute the degree of this 
metrized line bundle in two ways. For the first, we have 

c^ (!'"(/))''"' = (iVci (I) +ci (O^))'^' 

= N'+% (lY^' + N\d + 1) deg^iXMv) -.k] [ f dfij:^^ + O {N'-') 

= N\d + 1) <\egL{X)[k{v) -.k] [ f d/x^., + O {N"-') . 

(12) 

The integral appears by definition of the measure The term c^i (L) vanishes because 
it is the numerator of hj^{X) (condition (S2)). The constant in the error term depends on L 
and /. 

On the other hand, we see that 
ci l^L (/) j =ci(^L ® Ml ® M2 j 

d+l 



E (' ^ i-^r'-' ^1 ® M.y^, {mr^- (13) 

AT \ d+l / 7W- \ d 

L ® Ml j -{d+ l)ci i^L ® Ml j ci (M2) + O {N''-') . 



Recall that we assumed fy^^ fdfJ'Zv > 0- Comparing (12) and (13) shows that for suffi- 
ciently large. 



/ Af \ d+l / ly- \ d 

ci i^L Ml j - (rf + l)ci i^L ® Ml j ci (M2) > 0. 
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We may fix such an for tlie remainder of the argument, and as it will have no effect on 

— N — 

the proof, we will replace L by L. 

Choose e > 0. By condition (SI) we may select a e^-model of (X, L*^) such 

that ^ is nef, the metrics on the associated adelic metrized line bundle L with underlying 
bundle L are equal to those of L at almost all places, and the sum of the weighted distances 
[k{v) : /c]distt,(|| ■ || ■ ^) at the other places is bounded by e. By the Simultaneous 
Model Lemma, we may assume that JK' = ^ so that ff{f) and =Sf are line bundles on ^ . 
Furthermore, continuity of intersection numbers with respect to changes in the metric allows 
us to assume that 

ci ® Jllf^^ - (c/ + l)ci {S£ ® Jllf ci (^1) > 0. 

The necessary tool from algebraic geometry needed to move forward at this point is 

Siu's Theorem ( |Laz04l Theorem 2.2.15]). Let W he a 'projective variety of dimension n 
over the field k and suppose ^ and JV^ are nef line bundles onW. If 

ci (^i)"-nci (^)"-'ci (^2)>0, 

then ® ^2^Y nonzero global sections for r ^ 0. 

We are in a position to apply Siu's theorem with '3^ = , n = d + 1, = ^ ® and 
J^2 = ^2- It follows that the hue bundle (^^ ® ® ^t^^J = ^ifYY admits 
global sections for all r ^ 0. Fix such an r and a nonzero global section s. As {Ya)a£A is a 
generic net in X, there exists ao such that Ya does not lie in the support of div(s) for any 
a > ao. This means ci {{Jtf ® ^{fYY) ' \^a\ is an effective cycle. As ^ is nef, Kleiman's 
theorem |Laz04[ Thm. 1.4.9] shows 

ci (^)'i'-^" ci ((^ ® ffifYY) ■ > 0, 

or equivalently 

ci (lV„)'"''"ci [(L' ®OYYU))\y.) > 0. (14) 
Our precision in picking the metrics on L and Theorem 



2.1 



ii) show that 



ci (^V.)""''"ci ((l'® Ox(/))|y.) - ci [LIyX''^'^—, ((L® Ox(/))|y. 

<£(dimr„ + i)deg^(y;). 

From (14) and (15) we now get 



(15) 



''Yc,L,v 



%(F,) + [k{v) : k]{dimY^ + 1)-' [ f rf/i, 

ci(I|yj''"''"?i((I®0^)|y^) 



(dimr, + i)degi(y; 
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> -e 



for all a > aQ. Taking the limit over a G A in this last expression and recalling hj^{Ya 
proves that 

e{d+l) 



lim inf / / dfiy > 



[k{v) : k]' 

Finally, e is independent of /, so we conclude that 



liminf / / dfxyr, > 0. (16) 



This last inequality holds for any model function / such that f^^^ fd^Xv > 0- order 
to lift this restriction, we take an arbitrary model function / and consider the function 
/i = / — p, where p G log \/\K^ \ = Q is such that fy^^ fidfxj- > 0. Constant functions of 
this form are model functions, and so nfi satisfies all of the necessary hypotheses to make 
the above argument go through for some positive integer n. (We need nfi to be the model 



function associated to a formal metric — not just the root of a formal metric.) Applying ( 16 ) 
to nfi shows that 

liminf / / rf/iy ^ > p. 
Letting p — r„^„ fdpx v from below preserves the positivity of the integral of /i and shows 

liminf / / dpY^,L,v > / fdf^L,v 

Finally, we may replace / with — / in this argument to obtain the opposite inequality. The 
proof is now complete. □ 



5. Corollaries of the Equidistribution Theorem 

Our first corollary of the equidistribution theorem shows that for a dynamical system 
(X, ip, L), the invariant measures /i<^,„ reflect the f-adic distribution of the preperiodic points 
of the morphism (p. Recall that a closed point x G X is called preperiodic if its (topological) 
forward orbit {ip"'{x) : n = 1, 2, . . .} is a finite set. 

Corollary 5.1. Let {X,(f,L) be an algebraic dynamical system over the function field K. 
For any generic net of preperiodic closed points (xa)oeA in X and any place v, we have the 
following weak convergence of measures on 



L^d^ ^ deg.(y)5, = 



Proof. This is immediate from Theorem 1.1 upon noting that preperiodic points have dy- 



namical height zero (Theorem 3.2 iv)). □ 
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The preceding corollary is meaningless unless we can find generic nets of preperiodic points. 
However, it is not difficult to show that preperiodic points in X{K) are Zariski dense in X. 
Once Zariski density is established, it is not hard to construct a generic net of preperiodic 
points by a diagonalization argument; for example, see the argument at the beginning of the 



proof of Corollary 5.2 



If is a finite extension of K, we let [E : K]^ be the separable degree of E over K. Write 
|X| for the set of closed points of a variety X. 

Corollary 5.2. Let {X,(f,L) be an algebraic dynamical system defined over the function 
field K, let Y be any subvariety of X , and let n be a positive integer. Suppose there exists a 
place V of K such that the support of the probability measure ^Y,ip,v on X^'^ contains at least 
n + 1 points. Then there exists a positive number e such that the set 

Yn{e) := {y G \Y\ : < ^ and [K{y) : K], < n} 

is not Zariski dense in Y . 

Proof. If the theorem fails, then Yn{e) is Zariski dense for each e > 0. We begin by con- 
structing a generic small net. Let A be the collection of all ordered pairs {F,e) consisting 
of a proper Zariski closed subset F of Y and a positive real number e. Then A becomes a 
directed set when we endow it with the partial ordering 

(F, e) < (F', e')^FC F' and e > e' . 

For each pair {F,e) G A, select a point yp^e ^ Yn{^) n (F \ F), a feat that is possible 
because Yn{e) is Zariski dense. One checks easily that the net of points (?/F,e) is generic and 
hip{yF,e) 0. For ease of notation, we now relabel this net as {ya)a<^A- 

Let po, . . . ,pn be distinct points of Y^^ in the support of f^Y,ip,v By topological normality 
of analytic spaces associated to proper varieties |Ber90[ Thm. 3.5.3], we can choose an open 
neighborhood Ui of pi for each i with pairwise disjoint closures. Fix an index io- Inside Uig, 
choose a compact neighborhood W of By Urysohn's lemma we may find a continuous 



function / : X^" [0, 1] such that f\w = 1 and flx^^^^Ut^^ = 0. Then Theorem 4.1 shows 

:r4 — A E deg^(z)/(z) = [ fdnY,y,,v > lJ'Y,>f,viW) > 0. 
..A deg{y^) ^^^^^^ y^an 

Hence there exists ao G A such that O^iya) H f/j,, ^ for all a > a^. Repeating this 
argument for each index i, we can find ai G A so that for any i = 0, . . . ,n and a > ai, we 
have 0,(?/„)n[/i 7^0. 



For each point ya, the set Oy{ya) consists of at most n points by Corollary 6.2 in the 
appendix. But the n + 1 sets Ui are disjoint by construction, so we have a contradiction. □ 
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When h^{Y) > 0, the last corollary can be proved using the Theorem of Successive Minima 
with e = h^{Y)/2. We recall the statement of the theorem and indicate how this works. Let 
y be a variety defined over the function field K, and let L be a semipositive metrized line 
bundle on Y with ample underlying bundle L. Define the quantity 



ei(r,L)= sup <^ inf 
vcY [y6|y\y| 

codim(V',y)=l 

where the supremum is over all closed subsets of y of pure codimension 1, and the infimum 
is over closed points oiY\V. The Theorem of Successive Minima tells us that 

ei(r,L)>Mr). 

This inequality was originally discovered by Zhang when K is replaced by a number field 
|Zha95al Thm. 5.2], and it was proved by Gubler when i^' is a function field |Gub07t Lem. 4.1]. 

Now let L be the semipositive metrized line bundle associated to a dynamical system 
{X, if, L) and an isomorphism 6 : (p*L ^ L'^. By the Theorem of Successive Minima, given 
any 6 > there exists a closed codimension-1 subset V gY so that 

mi{h^{y) : y e \Y \V\} > h^iY) - S. 

If h^{Y) > 0, then we may take 6 = h^(Y)/2. The corollary follows immediately with 
e = h^{Y)/2 since Yn{e) C V. In fact, this shows that Un>iYn{e) is not Zariski dense in Y 
when h^{Y) > 0. 

Corollary 5.3. Let {X,ip,L) be an algebraic dynamical system over the function field K, 
let Y be any subvariety, and let n be a positive integer. Suppose there exists a place v of K 
such that the support of the probability measure fiY,ip,v on X^^ contains at least n + 1 points. 
Then the set of preperiodic closed points contained in Y of separable degree at most n over 
K is not Zariski dense in Y . 

The problem with these last two results is that one must have some knowledge of the 
support of the measure ^iY,ip,v in order to utilize them. As we indicated at the end of 
section 3.3, the support of the measure /z^^^, is precisely one point if X is smooth and the 
dynamical system (X, L) has good reduction at the place v. So we cannot apply the 
corollaries in the case of good reduction. 

We expect a converse to be true. Suppose that X is geometrically connected and smooth 
over K (e.g., the projective space P^). If is a finite extension of K and f is a place of K, 
we say that the dynamical system (X, L) has potential good reduction at v if there exists 
a place w oi E lying over v so that the base-changed dynamical system (X^;, ipE, L® E) has 
good reduction at w. If (X, L) does not have potential good reduction at f , then it has 
genuinely bad reduction at v. With these definitions in mind, we present the following folk 
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conjecture which, when combined with Corollaries 5^ and 5^ would yield very pleasing 
arithmetic results: 



Conjecture 5.4. Let {X, (f, L) he a dynamical system defined over the function field K , and 
suppose X is smooth and geometrically connected. Then the support of the measure /i^^t, is 
either a single point or else Zariski dense corresponding to the cases where {X, ip, L) has 
potential good reduction or genuinely bad reduction. 

The conjecture is true when X is a curve. See for example the manuscript of Baker and 
Rumely |BR08t §10.4] for the case X = F]^. (Compare the article |Bak08] of Baker for a 
similar statement and arithmetic consequence.) In |Gub07j Gubler's work shows that if X 
is an abelian variety with totally degenerate reduction at a place v, then fi^^^ has Zariski 
dense support. For an elliptic curve, totally degenerate reduction is the same as genuinely 
bad reduction. In fact, in this case there is a topological subspace of X^^ homeomorphic to 
a circle in such a way that fi^^^^ is a Haar measure on this circle. 

6. Appendix 

Proposition 6.1. Let K be a field that is finitely generated over its prime field. Let E 
be a finite extension of K , v a discrete valuation of K , and K,, the completion of K with 
respect to v. Then there are at most [E : K]s valuations w extending v to E, and if E^ 
is the completion of E with respect to the valuation w, then there exists an isomorphism of 
K^-algebras 

K,®kE = \[E^. 

w\v 

Proof. If is a separable extension of i^, this is proved in |CF67l II. 9-10]. Any algebraic 
extension can be decomposed as K G E^ G E, where E^ is the separable closure of K 
in E, and E/E^ is a purely inseparable extension. By tensoring first up to the separable 
closure, we may apply the result in the separable case and reduce to the situation where 
E/K is a purely inseparable extension. Thus we may suppose K has positive characteristic 
p. It now suffices to show that the valuation v extends in exactly one way to E, and that 
®K E = Ew holds. To that end, we may even reduce to the case where E is a. simple 
nontrivial extension of K; i.e., there is 7 G -E \ -ft" such that E = K {'-)). 

We first argue K.^ ®k E is a, field. The valuation ring C K., being the localization of an 
algebra of finite type over Fp, is a G-ring |Mat891 §32]. Hence ^ = K° is a regular 
homomorphism, which implies Ky = Frac(i^'°) is geometrically regular over K = Frac(Ot,). 
In particular, ®k E is a reduced ring. 

On the other hand, as is a simple purely inseparable extension of K, we may write 
E = K[x]/{f{x)) for some irreducible polynomial f{x) = x^" — a = {x — 7)^", some positive 
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integer n, a & K and j E E \ K. Evidently K^j ®k E = K^[x]/{f{x)) is reduced if and 
only if 7 ^ K^. Thus f{x) is irreducible over and K^; ®k E is a, field. Note that it is the 
(unique) minimal extension of containing E. 

If F is any finite extension of K^, then F inherits a unique extension of the valuation v 
and is complete with respect to the extended valuation. Therefore ®k E is a, complete 
field under the unique extension of v. Let w be the restriction of the extended valuation to 
E C ®K E. By continuity the completion Ey^ injects canonically into Ky ®k E, and since 
Ky ®K E is the minimal extension of containing E, we must have E^ = ®k E. We 
have already mentioned that v extends uniquely to ®k E, so the proof is complete. □ 

Corollary 6.2. Let X be a variety over the function field K as in previous sections. If 
X G |X| is a closed point, v is a place of K and : X^^ ^ X is the base change morphism, 
then there are at most [K{x) : K]s points in ip^^^x), and 

[Kix):K]= Yl [K.iy)--Ky]- 
Proof. The ring of functions on the scheme-theoretic fiber ip~^{x) is ®k K{x). Use 



Proposition 6.1 and compute dimensions over K^. □ 
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